This paper investigates a leader-following formation control problem with translational and rotational maneuvers for a group of missiles in 3D space. Benefit from the displacements defined in neighbors' relative coordinate frames in the distributed control law, the whole formation is able to track the leader's trajectory with translational movement and rotation after the desired formation shape is formed. By incorporating command filters into the backstepping-based control scheme, the flight state constraints and overload saturations can be satisfied. It is shown that the proposed control algorithm ensures cooperatively semi-globally uniformly ultimate boundedness of the formation tracking errors irrespective of unknown bounded disturbances and the tracking errors can be further decreased by properly choosing the control parameters. Finally, two numerical simulation examples are provided to validate the effectiveness of the proposed control algorithm.
With the rapid development of anti-missile systems over past few decades, the single missile combat mode can barely accomplish the missions in both attack and defense side. In the attack side, a single missile faces great challenges from the advanced interceptors and close-in weapon systems (CIWS). In the defense side, a single interceptor can be easily misled by the decoys released by the target aircraft. Utilizing the cooperation among missiles, the multi-missile engagement compensates for the deficiencies of the single missile combat mode in the sense that the defense systems can hardly cope with simultaneous attacks from different directions [1] , [2] . Likewise, in the defense side, cooperation of the interceptors can help to discriminate the decoys and intercept the real target successfully [3] .
There has been a significant increase in the research on multi-missile cooperative engagement in the past decade due to its significance in modern warfare. Most researchers focus
The associate editor coordinating the review of this manuscript and approving it for publication was Weiguo Xia . on the cooperative guidance problem [1] [2] [3] [4] [5] [6] in which the objective is to adjust the impact time of multiple missiles so that they can hit the target simultaneously whilst satisfying some certain constraints. It is worth noting that missile formation control problem, addressed in this paper, also plays an important role in the multi-missile cooperative engagement. A reasonable formation structure is able to increase the penetration probability and decrease the fuel consumption at the same time. In missile formation control, the orientation of the whole formation is expected to be changed to consist with the flight direction for some tactical purposes. For example, the orientations of some formation structures (such as the V-shaped formation) should be adjusted according to the direction of airstream so as to improve the fuel efficiency. To this end, both translational and rotational maneuvering are required in missile formation control.
Wei et al. [7] proposed a formation keeping controller, which was established based on PI optimal control theory in combination with linearizing the relative motion equations between the leader and followers. In [8] , Wei et al. further extended the results of [7] and designed an adaptive VOLUME 7, 2019 This work is licensed under a Creative Commons Attribution 4.0 License. For more information, see http://creativecommons.org/licenses/by/4.0/ formation controller in the case when the leader's information was unavailable. Formation controllers derived in [7] and [8] were in centralized forms, which would result in a single point of failure and be less scalable. An integrated formation control algorithm was proposed in [9] such that the formation tracking and attitude control problems were solved simultaneously. This formation control algorithm could only achieve translational maneuver, while the orientation of formation could not be controlled. Zhao et al. [10] designed a cooperative guidance law which was able to generate a time-varying formation as a byproduct. This guidance law was designed only in the lateral plane and could not extend to the 3D space directly. The problem of designing a distributed missile formation control algorithm to control the orientation of formation in 3D space is barely considered so far. The consensus-based formation control methods have been widely used (see survey papers [11] and [12] , for example) where most of the control laws are proposed based on the displacement measurements. In the displacement-based approach, only translational maneuvering can be achieved because the inter-agent displacements are constant [13] . The orientation of formation is difficult to be controlled using this approach since the changing displacements are hard to derive. In [14] , a two-loop control scheme was proposed to realize the translational and rotational maneuvers of formation by introducing a coordination vector. However, as mentioned in [9] , the aerodynamic constraints will make the formation control loop and attitude control loop less coordinated, so the two-loop control scheme is not feasible for missile formation control. In [15] , some parameter pairs, acting as the role of mismatches in [16] , were introduced into a gradient-based formation control law to manipulate the translation and rotation of formation. This approach requires agents to be non-coplanar in 3D space, which is not applicable to the tasks when missile formation flies at the same altitude. Sun et al. [17] proposed an approach to stabilize a rigid formation to the desired shape and orientation, whereas it can not be directly extended to the formation tracking tasks. To the best of our knowledge, very few methods can be adopted to control the translation and orientation of missile formation simultaneously.
In this paper, we will propose a formation control algorithm to manipulate the translational and rotational motions of the formation. In the conventional displacement-based approach, the displacements vary as the orientation changes because the displacements are all defined in the inertial coordinate frame. However, our proposed algorithm is designed based on the displacements measured in neighbors' relative coordinate frames so that the inter-agent displacement will keep fixed no matter how the orientation changes. After all the followers are steered to fly in the same direction as the leader, the desired formation is formed and the translational and rotational maneuvers are achieved as well. In addition, the command filters [18] [19] [20] are adopted in this paper to ensure that the constraints of flight states and overloads can be satisfied.
The main contributions of this paper are summarized as follows.
1) In the proposed formation control algorithm, to realize both translational and rotational maneuvers, the exceptional property of the invariance of desired displacements in neighbors' relative coordinate frames is invoked. In comparison with the results that focus on realizing translational and rotational motions for a desired non-coplanar formation [15] or in the lateral plane [10] , our proposed control algorithm is valid for any desired formation in 3D space. This largely broadens the feasibility of the presented results in this paper.
2) Different from the centralized manner in dealing with the leader-following formation control based on the linearization of relative motion equations under small quantity assumptions [7] , our proposed control algorithm is distributed, which is derived based on relative motion equations in the original nonlinear form. Thus our control law is more flexible and admits broader range of the orientation angles.
The rest of this paper is organized as follows. Some preliminaries are introduced and the formation control problem is formulated in Section II. A distributed formation control algorithm is proposed in Section III. Then, in Section IV, the main theorem is given and the stability of the closed-loop system is analyzed. In Section V, numerical simulations are presented to verify the effectiveness of the proposed approach. Finally, the conclusions are given in the last section.
II. PRELIMINARIES AND PROBLEM FORMULATION
This section first presents background knowledges including notations, coordinate frames, relative motion equations, and kinematic models of missiles. Then the problem of formation flying is formulated.
A. GRAPH THEORY
Consider a missile group comprising one leader and N followers in this paper. The interaction relationship among the followers is described as a directed graph G = {V, E}, with V = {1, 2, . . . , N } being the node set and E ⊆ V × V being the edge set. The directed edge (i, j) in E denotes that node j can obtain information from node i, but not vice versa. The If there is at least one node which has a directed path to all the other nodes, then the directed graph includes a directed spanning tree. The node is called the root node. Every other node except the root node has exactly one parent node in the directed spanning tree. If a directed graph contains a directed spanning tree, the Laplacian matrix has the following property.
Lemma 1 [21] :
The Laplacian matrix of a directed graph has a simple zero eigenvalue and all of the other eigenvalues are in the open right half plane if and only if the directed graph has a directed spanning tree.
IfḠ contains a directed spanning treeḠ b = {V b ,Ē b }, the graph inḠ b that removes the root node and its adjacent edges is defined as G b . The adjacency matrix associated with
where L b denotes the Laplacian matrix associated with
B. MODEL DESCRIPTION
To illustrate the relative motion of the missiles in a formation, two kinds of coordinate frames are introduced in this paper:
, which is an inertial frame with its origin A located at a fixed point on the ground, x-axis pointing to the north, and z-axis pointing to the east; the relative coordinate frames In this paper, it is assumed that the flight path angle θ i satisfy |θ i | θ m (θ m < π 2 ) during the flight. Under this assumption, the relative motion equation of missile i with respect to missile j can be described as follows [7] .
where
. y ij,1 , y ij,2 , and y ij,3 are the coordinates of missile i in the relative coordinate frame of missile j. V , θ , and ψ V ( = i, j) denote the velocity, flight path angle, and heading angle, respectively. E ij = [e ij,1 , e ij,2 , e ij,3 ] T represents the bounded disturbances, such that |e ij,k | e m ij,k (k = 1, 2, 3). The bounds e m ij,k are unknown. Then the kinematic models of the follower i with respect to the velocity and its direction arė
the overload which is a ratio of all external forces acting on a missile except for the weight to the missile's weight. n xi , n yi , and n zi are the components of overload on the axes of its own relative coordinate frame. Similar to E ij , 3 ] T are also the disturbances with unknown bounds. And
C. PROBLEM FORMULATION
The formation tracking error e f for the missile group composed of one leader and N followers is defined by
) T ] T represents the desired position of each follower in leader's relative coordinate frame. If e f can be controlled to be zero, the followers will maintain a prescribed formation and follow the leader's trajectory precisely. Note that the whole formation will rotate when the leader changes its direction during the flight. Because each follower keeps a fixed position in the leader's relative coordinate frame, and the frame will rotate once the direction of leader's velocity changes.
Therefore, the objective of this paper is to design a distributed control law for each follower, such that the formation tracking error e f converges into a small region around origin. Meanwhile the velocity and orientation angles X i,2 and overload U i are restricted in the compact sets X i,2 , U i ⊂ R 3 respectively.
To facilitate the subsequent controller design, the following assumption, definition, and lemma are required.
Assumption 1: The extended graphḠ contains a directed spanning treeḠ b and the leader is the root node.
Definition 1: The state {x i (t), t 0} of the i-th follower, modeled by (2) and (3), under the communication graph is cooperatively semi-globally uniformly ultimately bounded, if for any i0 (a compact set containing the origin and the initial state x i (t 0 ) ∈ i0 ), there exists a constant ε i > 0 and a time constant
Lemma 2 [22] :For any η ∈ R and σ > 0, the following inequality holds
with δ being a constant which satisfies δ = e −(δ+1) , i.e. δ = 0.2785.
III. DISTRIBUTED FORMATION CONTROLLER DESIGN
In this section, we will propose a distributed control algorithm to achieve the leader-following flight in a predefined formation and control the orientation of the formation. The flight state constraints and overload saturations will be handled by employing command filters. In addition, some compensating signals will be used to remove the effect of the errors introduced by command filters.
To facilitate the design of the distributed formation controller, we first express the formation tracking error in a distributed manner. The formation tracking error of the i-th follower with respect to its neighbors is defined by
where a ij and a b ij are the (i, j)-th element of the adjacency matrices associated with the graph G b andḠ b respectively, y d ij denotes the desired relative coordinates of follower i with respect to missile j (j ∈V).
Remark 1: In this paper, each follower's formation tracking error (5) is defined in the relative coordinate frame, the displacement y d ij (j ∈V) is fixed when the formation rotates, therefore. The time derivative of y d ij is always zero which substantially facilitates the calculation when employing the backstepping method.
Taking the time derivative of Z i,1 , we obtaiṅ
Since C j (j ∈V) is nonsingular andḠ b is a directed spanning tree, N +1 j=1 a b ij C j is also nonsingular. To make Z i,1 converge to zero, we will design a virtual controller X d i in the following form
where 1, 2, 3 ) is the estimation of e m ij,k , σ ij,1 is a positive parameter, and z i,1k (k = 1, 2, 3) is the component of the compensated formation tracking errorZ i,1 which will be introduced later.
Under the condition that the flight path angle θ i ∈ (−π/2, π/2) and the heading angle ψ V i ∈ (−π, π], the com-
In order to obtain the derivative of X d i , the command filter will be adopted. This can avoid the computation explosion problem resulting from the complicated partial derivative terms in the analytical expression ofẊ d i . In addition, the output of command filter will satisfy the constraints of X i . In this paper, we will adopt a second-order command filter [23] in the following form
where x o is the input of the command filter,ẋ c and x c are the output, S M (·) is the limit function of x o , ζ and ω n represent the damping factor and the frequency respectively. The limits can be set to be infinity if no constraint is imposed on the state. If x o is bounded, then x c andẋ c are bounded and continuous. According to the analysis in [9] , the error x c − x o is bounded. Now, we invoke the command filter whose input is X d i and outputs are X c i andẊ c i . If X d i do not satisfy the constraints of X i , X d i and X c i will be different. To eliminate the error caused by the command filter, a compensating signal ξ i,1 will be introduced in the following forṁ
Embed ξ i,1 into Z i,1 , we will get the compensated formation tracking errorZ i,1 defined aṡ
Define the Lyapunov function candidate
where ij,1 is a diagonal positive definite matrix,
According to lemma 2, we havė
Then, define the tracking error of velocity and orientation angle as Z i,2 = X i − X c i . According to (3), the time derivative of Z i,2 is given bẏ
In light of the fact that D i is nonsingular, the desired overload is designed as
K i,2 is a diagonal positive definite matrix,ŵ m i,k (k = 1, 2, 3) is the estimation of w m i,k , σ i,2 is a positive parameter, and z i,2k (k = 1, 2, 3) is the component of the compensated tracking error of X i .
Since the desired overload U d i derived from (20) may exceed the available overload, the executable overload U i can be obtained by employing the command filter (11) whose input is U d i . Similar to (13) and (14), the corresponding compensating signal ξ i,2 , and moreover, the compensated tracking errorZ i,2 can be defined aṡ
Remark 2: Note that in (7) , y ij is the locally measured coordinates of neighbor j. Other terms in (7) and (20) can be calculated either from each follower's own states or from its neighbors'. From this perspective, the formation control algorithm proposed in this paper is distributed.
Define the Lyapunov function candidate as
where i,2 is a diagonal positive definite matrix,
(26)
IV. STABILITY ANALYSIS
Based on the analysis above, we will give the following theorem to state that the proposed formation control algorithm can guarantee the stability of the formation flight control system. Theorem 1: Under assumption 1, consider a team of missiles including a leader and N followers modeled by (2) and (3) . With the formation control algorithm, including the distributed control laws (7) and (20) , command filters (11) , compensating signal updating laws (13) and (22) , and adaptive tuning lawṡ VOLUME 7, 2019 where µ ij,1 and µ i,2 (i = 1, . . . , N , j = 1, . . . , N + 1) are small positive constants, the bound estimation errorsẼ m ij , W m i , and the tracking errors Z i,1 , Z i,2 for the i-th follower are cooperatively semi-globally uniformly ultimately bounded (CSUUB). Furthermore, the formation tracking errors of all the followers can converge to a small neighborhood around origin by a proper set of control parameters.
Proof: The Lyapunov function for the i-th follower is
Taking time derivative of V i and substituting (17) , (25), (27), and (28) into it, we havė
According to Cauchy-Schwarz inequality, the following inequalities hold
Then, substituting (30) and (31) into (29), it follows thaṫ
For the sake of brief description, we define
where i = 1, . . . , N , j = 1, . . . , N + 1, l = 1, 2, λ max {·} and λ min {·} denote the largest and smallest eigenvalue of a real symmetric matrix, respectively. Then, in view of (32), we haveV
j=1 a b ij e m ij,k σ ij,1 + w m i,k σ i,2 . According to (32) and (34),Z i,l ,Ẽ m ij , andW m i will converge into the domains 2 , respectively. SoZ i,l ,Ẽ m ij , andW m i are CSUUB. Note that (13) and (22) are BIBO (Bounded-Input Bounded-Output) stable linear filters. The inputs of the filters are bounded, so the outputs, i.e. ξ i,1 and ξ i,2 , are also bounded. Therefore, Z i,1 and Z i,2 are CSUUB.
The Lyapunov function for all the followers is defined as
where η = min{η i } and F = N i=1 F i . From (35), we can obtain
It implies that Z 1 will converge to the compact set
as time goes to infinity. The value of 2F η depends on the control parameters K i,l , ij,1 , i,2 , µ ij,1 , µ i,2 , σ ij,1 , and σ i,2 . To achieve better formation control performance, we can increase λ min { ij,1 }, λ min { i,2 } and decrease σ ij,1 , σ i,2 , after fixing the control parameters K i,l , µ ij,1 , µ i,2 . Define j I as the transformation matrix from the inertial coordinate frame to the relative coordinate frame of missile j (j = 1, · · · , N + 1), writing in the following form
Let i j = i I I j be the transformation matrix from the relative coordinate frame of missile j to that of missile i. Since j I is an orthogonal matrix, I j = ( j I ) −1 = ( j I ) T . Define Z 1 = [(Z 1,1 ) T , · · · , (Z N ,1 ) T ] T and Z * 1 = [(Z * 1,1 ) T , · · · , (Z * N ,1 ) T ] T with Z i,1 and Z * i,1 being
Since j N +1 is an orthogonal matrix andḠ b is a directed spanning tree, Z i,1 = Z * i,1 . From (5), we can obtain
Define L b andL b as the Laplacian matrix of G b andḠ b , respectively. According to lemma 1, the rank ofL b is N . It can be shown that L b +B is invertible, because Rank ( 
and
. . , N ) and q are also CSUUB. Then it follows from the boundedness of ξ 1 that the formation tracking errors of the followers can be reduced by choosing appropriate control parameters.
Remark 3: Theorem 1 indicates that the missile group is able to track the leader's trajectory in a predefined formation shape. At the same time, the orientation of formation varies with the direction of leader's velocity. Under the condition of unknown bounded disturbances and aerodynamic constraints, each follower's position and velocity will achieve their desired values with small bounded residuals which can be reduced by choosing proper control parameters.
V. NUMERICAL SIMULATION
In this section, two numerical simulations are conducted to illustrate that the formation tracking and rotation maneuver of the whole formation can be achieved simultaneously using the proposed method in this paper.
Consider a scenario where four missiles are required to form a prescribed formation and track a leader to fly across a valley. The leader flies at a constant speed 280m/s. In order to stay away from the hill, the desired flight path of the leader is an arc of a circle with radius 2km at a fixed altitude 100m. The leader moves from the initial position (0, 100, 3000) T (m) in the inertial coordinate frame. The initial flight path angle and heading angle of the leader are 0 • and −90 • , respectively. As shown in Fig. 2 , the communication topology of the missile group is a directed spanning tree and the desired formation structure is a pentagon with each edge being 100m.
The and W i,2 = [sin(t/5) + cos(t/4), 0.5θ i (t) cos(t/5), 0.0349 sin(t/5)] T .
The control parameters for the followers are set as K i,1 = diag(2, 1.5, 4), K i,2 = diag(2, 2, 4), σ ij,1 = σ i,2 = 0.5, µ ij,1 = 1, µ i,2 = 0.2, ij,1 = diag(2, 1, 1), and i,2 = diag(2, 2, 1)(i = 1, . . . , N , j = 1, . . . , N + 1). The frequencies of the command filters are selected as (50, 50, 50) T and (60, 60, 60) T . The damping factor of each filter is set Under the proposed control law, the trajectories of all missiles (square denotes the leader, circles denote the followers) in the group are plotted in Fig. 3 , which indicates that the followers can fly at the same altitude as the leader. The overhead view ( Fig. 3(b) ) illustrates that the translational and rotational maneuvering can be achieved by the proposed control law. As depicted in Fig. 4 , the distances between each two neighbors almost converge to 100m, which implies that the prescribed formation is achieved and maintained. Due to the disturbances with unknown bounds, the distances converge to 100m with small residuals. From Figs. 5 and 6, we know that the velocity tracking errors converge to zero and the position tracking errors can stay within 1m after the desired formation is formed. The position tracking error is acceptable in consideration of the existence of the disturbances. Thanks to the command filters, the constraints of the missile overloads of the followers are all satisfied, which are shown in Fig. 7 .
As a comparison, Fig. 8 depicts the simulation results using the method with only translational maneuvering in [9] under the same initial conditions. From Fig. 8(b) we can see that the leader's relative position with respect to the followers in the inertial coordinate frame does not change after the desired formation is formed. So it can be seen that the leader becomes the ''follower'' spatially when the formation moves along a circle. Therefore, the formation control algorithm proposed in this paper is more favorable for the missions in which the orientation of the formation needs to be changed along the trajectory.
VI. CONCLUSION
In this paper, a 3D formation tracking control problem for multiple missiles has been investigated. Under the proposed distributed formation control law, the multiple missiles are able to form a desired formation shape and track the leader whilst manipulating the orientation of the formation. The aerodynamic constraints on flight states and overloads are also satisfied during the flight by using the command filters introduced in the backstepping-based control scheme. The formation tracking error has been proved to converge into a small neighborhood around the origin under the condition that unknown bounded disturbances exist. Two numerical simulation examples are given to verify the effectiveness of the proposed formation control algorithm. 
